and under an extra hypothesis relating the yi's with the Li apunov function it is shown that the solutions of (*) approach a compact connected set, a subset of the maximal invariant set of (*a). Applying the above to the system of the Volterra-Lo&a equations with diffusion, me obtain that any solution of (* * * ) approaches exponentially a periodic solution of the classical Volterra-Lo&a equations for arbitrary diffusion coefficients Ye, Y* and for any dimension.
The stability of the manifold of the periodic solutions of the classical Volterra-Lo&a equations i n the class of solutions of ( * * *) is investigated. by Chow and Williams [3] in connection with ecological models. The basic hypothesis is a food pyramid condition on Bi's. Such a statement is motivated by the fact that given N species living isolated in a certain region one may arrange them in an arithmetic sequence and in such a way so that the jth species may feed on any ith species (i <j) and may not feed on any Kth species (R > j). Consequently, the growth of the jth species should be bounded in terms of the available food, that is the magnitude of the ith species. This last statement is the content of the food pyramid condition. With this hypothesis in combination with the existence of a convex Liapunov function for the system of ordinary differential equations dC.
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and under an extra assumption relating the vi's with the Liapunov function we prove via the invariance principle that any solution of ( 1. l), for any dimension and arbitrary but positive diffusion coefficients vi > 0, approaches in a strong sense a compact connected set, a subset of the maximal invariant set of the system (1.2).
These results generalize the work of Chow and Williams [3] . These authors obtained similar results for the case of the Volterra-Lotka equations with diffusion, ac -L = VI AC, + (a -c2) CL , at ff, p positive constants, 3% an -"4 4 + (cl -P) cg , onDx(O,ccr) U-3) ac, 2% an I = 0 on af2 x (0, CO), i = 1,2, a special case of (1. l), under the additional restrictive hypothesis that the solution is L" bounded, uniformly for all time, an assumption that they were able to justify in the case of the one dimensional domain (rz -1) or the equality of the diffusion coefficients (vr = va).
In addition, we discuss the stability of the manifold of the periodic solutions of (1.3). For this, we need an extension to partial differential equations of results on the asymptotic behavior and stability near a K-parameter famiiy of periodic solutions, similar to Hale and Stokes [ll] . Finally, applying the above general results to the specific case of the system (1.3) we obtain that each solution of this for any dimension and any positive diffusion coefficients or , ~a approaches a periodic solution of the classical Volterra-Lotka equations exponentially with asymptotic phase and that, moreover, the family of periodic solutions of the Volterra-Lotka equations is asymptotically, stable with asymptotic phase and amplitude. The approach we have adopted of equations in a Banach space requires less smoothness on the BUS and also permits an extension to nonautonomous equations without additional effort. One of the main technical results in this paper that seems to have more general applicability is the derivation of an a priori uniform (for all time) bound for the Lm norm of a solution of (1.4) in terms of a uniform bound of its L' norm,
under the assumption f(x, t) < a, (but, in general, 1 j(x, t)! is not uniformly bounded), a being a positive constant.
II. GLOBAL EXISTENCE-POSITWITS OF SOLUTIONS
Let X be a Banach space with an order relation ">'9 such that (4 x > x, @I "v~y,y~z=?x>%, (c) ~3Y~X+Z~y+z,hxZh3rforevervzE~,:XEIW'UCO).
(d) The set (x E x 1 m > 0), called cone, is closed.
Let a function G: x+ x be called increasing with respect to the above order if x >y G-G(x) > G(y).
The following abstraction of the maximum principle then can be formulated (see [12] ). LEMMA 2.1. Let -+fi be a sectorial operator1 in x zuith (M + /!f-% 3 0 -for x 3 0 9 (AI + ii-l increasing for all X > 0. Assume that f: [to, tJ X P -+ X is locally Lipschitzian and ow bounded sets B, Then, if x0 E x", x0 2 0, the solution x(t) = x(t, t,, ; x0) of dx/dt + Ax = f(t, x), x(to) = x0 s&--es the condition x(t) 3 0.
Proof.
The solution satisfies the variation of constants formula
In the case that condition (2.2) is satisfied with /3 = 0 the lemma is clear. The general case follows by the change of variables y = eatx.
Q.E.D.
Consider the system I%. We are ready to state the basic result of this section, THEOREM 2.1. Giwn the aboae hypotheses (HI), (H2), (H3) then the system (2.4) with the boundary conditions (2.5) and initial conditions (2.6) has a wipe classical solution c(x, t) = (c,(n, t),..., c,(x, t)) that exists for all time. Moreover, ci(x, t) > 0. Finally, ;f f. z f 0 and f2 is connected, then CJX, t) > 0 JOY t > 0. 
Hypothesis (H3) implies that the problem is well posed on Xx. In fact, orbits are defined for all time for nonnegative data. To show this, we proceed by contradiction.
Accept for the moment that for nonnegative data the solution on its interval of existence is nonnegative and assume that we have a finite In estimating 11 . I/x1e we may assume that Re o(A,) > 6 without any harm (otherwise, add 6u to both sides of the equation). So after operating on both sides of (2.11) by AIo; we obtain 11 A,"e-"lt IILy(sz) < Kt-"e-'" + Iot e-"(t-")(t -s)-' // F,(c, s)lILptRJ ds.
Here we made use of the well known estimate
Thus, ~l~~(t)l]~,~ is bounded as t+tmilx since [ F,(c, s)i < constant. Hence, the above reasoning can be applied to the second equation and so on Consequently, we obtain 
is a positive constant, B(x, t) is locally Lipschitz in (N, t).
Our objective in this section is to show that L1 uniform boundedness of the solution implies L* uniform boundedness.
This fact will be used in the next section in connection with the food pyramid hypothesis (H3). Let X1 = P(Q), p 3 2, and assume 0 C IFP. Recall that if the nonnegative initial condition jr(~) is in <a: where 01 E [0, 1) and satisfies 11 2ff-->v>o
then, by the results of the previous section, we secure the global existence of a nonnegative classical solution to (3.1): (3.2), (3.3).
We are ready now to state the main result of this section and in some sense the heart of the paper. 
Proof
Multiplying the equation by u2'-l and integrating over Sz we obtain
(34
Then (3.6) takes the simple form The final goal is to estimate the right hand side of (3.14) and show that it behaves like (const.)2L. Then by taking the l/2" power of both sides we can pass to the limit and obtain the L" estimate.
Recall from (3.10) that C, behaves like l/c A, h = n/2. Thus, without loss of generality ("a" possibly a bigger constant than the initially introduced "a"). To see this note that E* satisfies the inequality and so using the definitions of Ye and ab in (3.7) we obtain that Ed can be chosen of the order 1/4k. Consequently, the right hand side of (3.14) becomes
. K"':
(3.18) R Taking the limit as K -+ + cc of the l/2" power of both sides of (3.18) we obtain (ii) If cn = (zr ,..., zN) then limlzl++m E(x) = +co.
The following lemma will be very useful. Proof, Observe that if we show (4.7)3 the proof will be over since the second term is nonpositive by virtue of E being a Liapunov function for the system (4.5) and the first term is nonpositive by (H4)(i) and (H3) we obtain that I/ cr(., t)jl,,(,) < constant. Using the food pyramid condition (H3) we obtain similarly from the second equation that jj cz(., t)j\,,t.Gj < constant and in general that 1) c~(., t)JJ,,(n) < constant, i = l,..., N. Then by the smoothing action of the differential equation we obtain that the orbits are bounded in the XX0 sense, 01s E [0, 1) and so a fortiori compact. Thus, the Invariance Principle is applicable [IO], [ 171.
Note. The space X& is continuously embedded into C*(G) so the convergence of the solution to the invariant set in E* is quite strong. Proof.
It follows immediately from (4.9). Q.E.D.
Note.
We overlook on purpose the pathological aspect of E, possibly becoming infinite at zero, a fact that formally disqualifies it from being a Liapunov function.
We discuss this technicality in Section 6 and show that it can be resolved easily.
This simple corollary has significance in connection to applications. It implies very strongly the statement that no species is lead to extinction.
Observe that the connectivity of the domain D as well as the magnitude of the diffusion coefficients are immaterial.
Next, we state another immediate corollary for asymptotically autonomous systems Remarks.
Convexity of the Liapunov functional turns out to be a situation very commonly encountered.
We list below two simple examples that conform to our general hypotheses and have some prominence in ecology [22] .
(a) A direct analog of the Volterra-Lotka equations for n-prey system given by Our method of proof consists of a slight modification of the method presented in [12] where the case of a single periodic orbit is handled.
Some terminology with a few definitions are indispensable. Assume that (5.1) has a nontrivial periodic solution u&t) of least period p, contained in U.
Provided that the map t wf,(q,(t)), as a map from R to U(Xa, X), is Hijlder continuous we can associate to (5.1) the variation equation
Define theperiod ntap to be the operator U(t) = T(t + p, t), T being the evolutio operator of (5.2). The nonzero eigenvalues of U(t) are called clzaracteristic multipliers.
It can be easily seen that U(t + p) = U(t) for all t; that a(U(t)) -(0) is independent of t (and thus so are the characteristic multipliers); that if -4 has 4 The "e" in this section is some number i n [0, 1) and unrelated to the "a" introduced i n hypothesis (H2).
compact resolvent then U'(t) is compact. All these and much more may be found in [12] . Now we are ready to state the theorem. Before we present a proof we will make some comments.
Comments.
(a) Note that the assumption Rank{d,,(t, b), C&,/S> = k -+ 1 for each b, t implies that the period map Ub of eakh variational equation has at least a k +-l-dimensional generalized eigenspace associated to the characteristic multiplier 1.
(b) In the case that A has compact resolvent the assumption that b is in KV and not in an infinite dimensional space is not restrictive at all; for in this case the manifold of periodic solutions has to be finite dimensional.
This can be thought of as a manifestation of a very general theorem due to Mallet-Paret [19] about the dimensionality of the set of initial conditions for which one can extend the flow backwards.
In our special case, finite dimensionality follows immediately from the compactness of the period map.
Proof cf Theorem 5. As an immediate result we obtain that the w-limit set of any orbit of (653, (6.9) with nonnegative initial data is a compact connected subset of the pIane, that is (6.12)
Since soiutions of (6.1) are solutions of the system (6.Q (6.9) it follows that w(f) will be, at the most, an annulus consisting of periodic solutions of (6.1). However, it consists exactly of one periodic orbit. This follows from the fact that on the w-limit set V has to be constant. In the specific case at hand Y(j; , j..) = Jo E(Jr(x), f&x)) dx and one can check easily that V takes different values on different closed orbits on the plane. Note that the assumptions of Corollary 6.1 hold. We can summarize all the above into l?3EOREM 6.1. Let D be opt%, connected, bounded, with smooth boundary in UP.
Letfi >, 0, fi E XW, ol satisfying the equality in (HZ). Assume that fi $z 0, i =_ I, 2, Then (a) BE system (64, (6.9) h as a classicnl (in fact, Cm smooth) solution, strictly positive for t > 0 and existing for all time. Consequently, the model of Volterra-Lotka equations implies that no species is lead to extinction and its survival is independent from how fast it icdz$j5ues" itself in the environment.
(d) There exist periodic solutions Q+(t), QB(t) of (6.1) such that the associated orbit r = {(Q+(t), G&(t)) 1 ---GO < t < +CO> is approached by (z+(., t), z+(., t)) i?l the Xa sense as t -+ + 03, that is, distx,&(-, t), u2(., Oh 0 -+ 0 as t-++cc a E [O, 1).
Note. The Liapunov function for the Volterra-Lotka equations with diffusion is given by V(g, , gs) = so E(g,(x), gs(x)) dx, g,(x) 3 0, gi E XiS. It is seen that when gi E 0 V becomes + co and this is a pecularity that is not desirable since by its very definition the Liapunov function is not allowed to take values in the extended reals. In this case, the metric space C (see Definition 4.1) is the cone K, of nonnegative functions in Xa. Exploiting the positivity and applying Fatou's lemma one can show that the w-limit set of any orbit (except the trivial one) is a subset of E ={kl,gJEKI Vg,,g,)<+~l.
(6.15)
One can proceed and actually prove that the invariance principle is valid in this situation. In a similar fashion one can treat the general situation that is implied in Corollary 4.1.
Our next objective is to obtain more precise information about the asymptotic behavior of the solutions of (6.8), (6.9). The stability of the manifold of the periodic solutions will be obtained via the results of Theorem 5.1. The existence of the Liapunov function is crucial here for proving that the spectral hypothesis in the theorem holds.
From the exposition to follow, it will become apparent why asymptotically the species are uniformly distributed and therefore the asymptotic behavior of solutions of (6.8), (6.9) is governed by the asymptotic behavior of their space averages (see [3] ) which can be realized as the projections of the solutions on the invariant manifold of the periodic orbits.
Our Liapunov function is given by and moreover
It is important that V is positive definite and that P is negative definite on the complement of the invariant plane of the periodic solutions.
LEhm$ 6.2. Let {u&, 6)}bsR be the family of nontrim'al periodic solutions of (6X), (659, Fixing 6, 1 is a characteristic multiplier of the conespondi?lg period map with a two dimensional generalized eigenspace, {z&(t, bj, au,(t, b)/ab> form&q a basis, and with the rest of the spectrum in. the set (~11 p / < e-B@JB).
Proof. That 1 is a characteristic multiplier with an at least two-dimensional corresponding generalized eigenspace is clear. What we need to show is that the generalized eigenspace is exactly two-dimensional and that the rest of the spectrum is strictly in the unit disc. We will proceed by contradiction. fissume first that the generalized eigenspace is n-dimensional, n > 2. Since the system (6.8j, (6.9) has compact resolvent this assumption can be made with no loss of generality.
By making the change of variables u = u,(t, b) + x we obtain an equation that can be written abstractly the center manifold, of dimension n. On this, system (6.8) (6.9), (6.10), (6.11), is equivalent to an ordinary differential equation.
The linearization of this ordinary differential equation around the origin gives rise to a linear equation which has an eigenvalue with a corresponding a-dimensional generalized eigenspace. Consider the n -2 part that complements the invariant plane. The Liapunov function being strict in the complement of the plane gives to a strict Liapunov function for the linearized ordinary differential equation. This can be seen as follows.
Given an ordinary differential equation 6 = h(t)? h(0) = 0, and a Liapunov function U near the origin, then
Assume that aU(O)/at = 0 and that is a negative definite quadratic form. Assuming that we have enough smoothness we thus obtain that U is a Liapunov function for the Iinearized equation as well.
